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Torus Quotients as Global Quotients by Finite Groups
Anton Geraschenko∗ and Matthew Satriano†
Abstract
This article is motivated by the following local-to-global question: is every variety with tame
quotient singularities globally the quotient of a smooth variety by a finite group? We show that
the answer is “yes” for quasi-projective varieties which are expressible as a quotient of a smooth
variety by a split torus (e.g. quasi-projective simplicial toric varieties). Although simplicial
toric varieties are rarely toric quotients of smooth varieties by finite groups, we give an explicit
procedure for constructing the quotient structure using toric techniques.
The main result follows from a characterization of varieties which are expressible as the quo-
tient of a smooth variety by a split torus. As an additional application of this characterization,
we show that a variety with abelian quotient singularities may fail to be a quotient of a smooth
variety by a finite abelian group. Concretely, we show that P2/A5 is not expressible as a quotient
of a smooth variety by a finite abelian group.
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21 Introduction
In this paper, we investigate a local-to-global question concerning quotient singularities. Recall
that a variety X over a field k is said to have tame (abelian) quotient singularities if it is e´tale
locally the quotient of a smooth variety by a finite (abelian) group whose order is relatively prime
to the characteristic of k.1 Every variety of the form U/G, where U is smooth and G is a finite
group of order relatively prime to the characteristic of k, has at worst tame quotient singularities.
The motivation for this paper is whether the converse is true, a question suggested to us by William
Fulton:
Question 1.1. Let k be an algebraically closed field. If X is a variety over k with tame quotient
singularities, does there exist a smooth variety U over k with an action of a finite group G such
that X = U/G?
We show that the answer is “yes” when X is quasi-projective and globally a quotient of a
smooth variety by a torus. In particular, every quasi-projective toric variety (with tame quotient
singularities) is a global quotient by a finite abelian group (see Corollary 2.14). These results are
immediate consequences of Theorem 1.2, which characterizes quotients of smooth varieties by finite
abelian groups.
Theorem 1.2. Let X be a quasi-projective variety with tame abelian quotient singularities over an
algebraically closed field k. The following are equivalent.
1. X is a quotient of a smooth quasi-projective variety by a finite abelian group.
2. X is the geometric quotient (in the sense of [GIT]) of a smooth quasi-projective variety by a
torus acting with finite stabilizers.
3. X has Weil divisors D1, . . . ,Dr whose images generate Cl(ÔX,x) for all closed points x of X.
4. the canonical stack over X is a stack quotient of a quasi-projective variety by a torus (see
Remark 1.4).
Remark 1.3. Theorem 1.2 is a consequence of the more technical Theorem 5.2, which applies to
algebraic spaces over infinite fields (in contrast to quasi-projective varieties over algebraically closed
fields).
Remark 1.4 (For non-stack-theorists). For those not familiar with canonical stacks, (4) says that
X can be expressed as a quotient of a smooth variety U by a torus T which acts freely on the
preimage of the smooth locus of X. In fact, this implies that the stabilizers of the T -action are as
small as one could hope for over the singular locus of X. See §3.1.
Remark 1.5 (For stack-theorists). Those familiar with stacks should not confuse Question 1.1 with
the question “is every smooth tame Deligne-Mumford stack the stack quotient of a smooth scheme
by a finite group?” The answer to this question is “no”, e.g. the weighted projective stack P(1, 2)
is not such a quotient. The appropriate stacky generalization of Question 1.1 is, “is every smooth
tame Deligne-Mumford stack X a relative coarse space of a stack quotient of a smooth scheme by
a finite group?” Our proof of (2)⇒ (1) shows that the answer to this question is “yes” when X is
a stack quotient by a split torus and has quasi-projective coarse space.
1Alternatively, X has tame quotient singularities if all complete local rings ÔX,x are isomorphic to the ring of
invariants in k(x)[[t1, . . . , tn]] under the action of a finite group of order relatively prime to the characteristic of k.
3We emphasize that even whenX is a toric variety, the answer to Question 1.1 is not obvious. We
show in Proposition 4.1 that if X is the blow-up of weighted projective space P(1, 1, 2) at a smooth
torus-fixed point, it is not possible to present X as a toric quotient by a finite group. Nevertheless,
we show in §3 that when X is a toric variety, the proof of our main theorem gives a procedure for
constructing U as a (non-toric) slice of a higher-dimensional toric variety (see Theorem 3.1). We
demonstrate this procedure for the example of P(1, 1, 2) blown-up at a smooth torus-fixed point
in §4, obtaining it as an explicit quotient of a smooth variety by Z/2. §§3–4 are not needed for
the proof of Theorem 1.2, but they show that the proof is constructive and that the construction
can be described completely without stacks, even though the proof itself relies on stack-theoretic
techniques.
There are several variants of Question 1.1 that one can pose. For example,
Question 1.6. If X is a variety over an algebraically closed field with tame abelian quotient
singularities, then is it of the form U/G with U a smooth variety and G a finite abelian group?
We show that the answer is “no” with Theorem 1.7. The key input is the equivalence of (1)
and (4) in Theorem 1.2, which shows that if the canonical stack over X is not a stack quotient by
a torus, then X cannot be expressed as a scheme quotient of a smooth scheme by a finite abelian
group.
Theorem 1.7. Let k be an algebraically closed field with char(k) ∤ 60, and let V be an irreducible
3-dimensional representation of the alternating group A5.
1. X = P(V )/A5 has abelian quotient singularities, but is not a quotient of a smooth variety by
a finite abelian group.
2. Moreover, no open neighborhood of a singular point of X is a quotient of a smooth variety by
a finite abelian group.
Remark 1.8. The property of being a quotient of a smooth variety by a finite abelian group is prima
facie a global property. Question 1.6 asks if this property is in fact e´tale local, and Theorem 1.7
shows that it is not. However, the equivalence of conditions (1) and (3) of Theorem 1.2 shows that
it is Zariski local.
There are other variants of Question 1.1 in the literature whose answers are known to be
positive. If one modifies Question 1.1 by dropping the assumption that G be finite, then the
answer is “yes”: by [EHKV01, Corollary 2.20], if X is a variety with quotient singularities over a
field of characteristic 0, then X = U/G, where U is a smooth scheme and G is a linear algebraic
group.
If one modifies Question 1.1 in a different direction, requiring a finite surjection U → X with
U smooth, but no group action, then the answer is also “yes”: it follows from [KV04, Theorem
1] and [EHKV01, Theorem 2.18] that for an irreducible quasi-projective variety X with quotient
singularities over a field k, there is a finite surjection from a smooth variety to X.
Question 1.1 therefore asks if there is a common refinement of these two variants.
Remark 1.9 (What we expect a full answer to Question 1.1 to look like). Although Question 1.1 is
scheme-theoretic, stacks are a natural tool for answering it. The question is equivalent to asking if
there is a smooth Deligne-Mumford stack X which is a quotient stack by a finite group, and which
has coarse space X.
4By §2.2, expressing a stack X as a quotient by group G (i.e. finding a representable map to
BG) is a matter of finding a vector bundle V on X where the stabilizers of X act faithfully on
the fibers of V, and where V has some additional property which ensures that the induced map
X → BGL(rk(V)) factors through BG for some inclusion G ⊆ GL(rk(V)). For G a torus, this
condition is that V is a sum of line bundles. For G finite diagonalizable, this condition is that V is
a sum of torsion line bundles.
In [GS15, Theorem 1], it is shown that choosing a smooth stack with a given coarse space
X is a matter of choosing the ramification divisor D of the coarse space map (after which X ∼=√
D/Xcan
can
). With a sufficient understanding of what vector bundles are introduced by canonical
stack and root stack constructions, expressing X as a quotient scheme is a matter of choosing
divisors on X which introduce a vector bundle with the properties in the previous paragraph, and
showing that X cannot be expressed as a quotient is a matter of showing that there is no such
choice of divisors. ⋄
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2 Answering Question 1.1 affirmatively for torus quotients
This section is devoted to the proof of Theorem 2.10, which shows that (2) implies (1) in Theorem
1.2 (see Remark 2.12). We begin by collecting some well-known definitions and results.
Given a group scheme G over a field k, its Cartier dual D(G) is defined to be the group scheme
of characters Hom(G,Gm). A group scheme is called diagonalizable if it is of the form D(A) for
a finitely generated abelian group A. A group scheme is called tame if its order is prime to the
characteristic of k. Note that diagonalizable group schemes are simply group schemes of the form
Grm×µn1×· · ·×µnℓ. In particular, a tame finite diagonalizable group scheme over an algebraically
closed field is simply a finite abelian constant group.
A scheme X is said to have (tame) diagonalizable quotient singularities if it is e´tale locally the
quotient of a smooth scheme by a (tame) finite diagonalizable group scheme.
2.1 Background on quotients
Throughout this paper, we will denote by U/G the coarse space of the stack [U/G], where U is a
finitely presented algebraic space and G is an affine group scheme acting properly1 on U with tame
finite stabilizers. When we work with quasi-projective varieties and geometric quotients (in the
sense of [GIT]), there are several technical questions one may worry about: do these two notions
of quotient agree? If U is a quasi-projective variety, must U/G be a quasi-projective variety (and
1The assumption that G acts properly is imposed to guarantee the existence of a coarse space with good properties.
Properness of the action is equivalent to the diagonal of the stack [U/G] being proper. Since the stabilizers of points
are assumed finite, ∆[U/G] is proper and quasi-finite, so it is finite. Thus, [U/G] is locally finitely presented and has
finite inertia, so the Keel-Mori Theorem [Con, Theorem 1.1] applies.
5vice versa)? If the geometric quotient of U by G exists, is the action automatically proper? The
following lemma resolves these concerns for all cases we will consider.
Lemma 2.1.
1. Any action of a finite group G on a separated algebraic space U is proper.
2. If a finite group G acts on a quasi-projective variety U , then the geometric quotient of U by
G exists, is quasi-projective, and agrees with the coarse space of the stack quotient [U/G].
3. Suppose a torus T acts on a quasi-projective variety V with tame finite stabilizers. If the
geometric quotient X exists and is a quasi-projective variety, then the action of T on V is
proper and X is the coarse space of the stack quotient [V/T ].
4. Suppose an affine group G acts properly on an algebraic space U , with tame finite stabilizers.
If the coarse space X of [U/G] is a quasi-projective variety, then U is a quasi-projective
variety.
Proof. 1. The action is proper if and only if the action map G×U → U×U given by (g, u) 7→ (u, g·u)
is proper. Since G is finite, the two maps (g, u) 7→ u and (g, u) 7→ g ·u are proper. Since G and U are
separated, G×U is separated. The action map is the composition G×U → (G×U)×(G×U) → U×U
of a closed immersion and a product of two proper maps.
2. The geometric quotient of U by G exists and is quasi-projective by [Knu71, Chapter IV,
Proposition 1.5]. Every point of U is contained in a G-invariant open affine.2 If SpecA is a G-
invariant open affine neighborhood of u ∈ U , both the geometric quotient of SpecA by G and the
coarse space of [(SpecA)/G] are given by SpecAG. Geometric quotients and coarse spaces can both
be constructed locally and then glued, so the geometric quotient of U by G agrees with the coarse
space of [U/G].
3. By [GIT, Converse 1.13], the action of T on V is proper. By [Sum74, Corollary 2], every
point of V has an invariant open affine neighborhood, so the quotient morphism V → X is affine.
For an invariant open affine SpecA ⊆ V , both the geometric quotient of SpecA by T and the coarse
space of [(SpecA)/T ] are given by SpecAT . Geometric quotients and coarse spaces can both be
constructed locally and then glued, so the geometric quotient of V by T agrees with the coarse
space of [V/T ].
4. Since U → [U/G] is a G-torsor (so affine) and [U/G]→ X is a coarse space morphism (so is
cohomologically affine), we have that U → X is affine. Thus, if X is a quasi-projective variety, so
is U .
2.2 Background on representability
Lemma 2.2 (Criteria for Representability). A morphism of Artin stacks f : X → Y is representable
if and only if the following equivalent conditions hold:
1. the geometric fibers of f are algebraic spaces;
2Say U ⊆ Pn is locally closed. For any point u ∈ U , by graded prime avoidance, there is a positive degree
homogeneous element f in the ideal of U r U which does not vanish on any point in the orbit G · u. The non-
vanishing locus of f , D(f), is an affine neighborhood of G ·u, so
⋂
g∈G g ·D(f) is a G-invariant neighborhood of G ·u,
and is again affine since U is separated.
62. for every geometric point x of X , the induced map of stabilizer groups StabX (x)→ StabY(f(x))
is injective.
Proof. The equivalence of (1) with representability of f is shown in [Con07, Corollary 2.2.7]. To
show the equivalence of (1) and (2), it suffices to base change by the map Spec k → Y determined
by f(x). We can therefore assume Y is the spectrum of an algebraically closed field. In this case,
we must show that X is an algebraic space if and only if its stabilizers at all geometric points are
trivial. This is shown in [Con07, Theorem 2.2.5(1)].
Corollary 2.3. Suppose X , Y, and Z are algebraic stacks, and f : X → Y is a morphism.
1. If g : Y → Z is a representable morphism, then f is representable if and only if g ◦ f is
representable.
2. If f has a section, it is representable.
3. If f is representable and g : X → Z is any morphism, (f, g) : X → Y ×Z is representable.
4. If Z → Y is a surjective locally finite type morphism, then f is representable if and only if
fZ : X ×Y Z → Z is representable.
Proof. (1), (2), and (3) follow immediately from Lemma 2.2(2). (4) follows from Lemma 2.2(1), as
the geometric fibers of f and fZ are the same.
Lemma 2.4. Suppose X is an algebraic stack and G is a locally finite type group scheme over
an algebraic space S. If U → X is a G-torsor, then the corresponding morphism X → BG is
representable if and only if U is an algebraic space.
Proof. The following diagram is cartesian.
U //

S

X // BG
By Corollary 2.3(4), X → BG is representable if and only if U → S is representable (i.e. if and
only if U is an algebraic space).
The following proposition is a variant of [EHKV01, Lemma 2.12].
Proposition 2.5. Let X be an algebraic stack. Then X ∼= [V/G] for some algebraic space V and
subgroup G ⊆ GLr if and only if there is a rank r vector bundle E on X such that the stabilizers
at geometric points of X act faithfully on the fibers of E. Moreover, G can be taken to be Grm
exactly when E can be taken to be the direct sum of line bundles; and G can be taken to be a
finite diagonalizable group scheme exactly when E can be taken to be the direct sum of torsion line
bundles.
Remark 2.6. The proof of Proposition 2.5 shows that the vector bundle E is the pullback of a
universal bundle on BG along the morphism X → BG corresponding to the G-torsor V → X .
7Proof. By Lemma 2.4, an isomorphism X ∼= [V/G] where V is an algebraic space is equivalent to
a representable morphism f : X → BG. Given a morphism X → BG, let E be the pullback of
the universal rank r vector bundle on BGLr for G ⊆ GLr (resp. the universal sum of line bundles
on BGrm for G = G
r
m, resp. the universal sum of torsion line bundles on BG for G ⊆ G
r
m finite
diagonalizable). For a geometric point x of X , the action of StabX (x) on the fiber of E at x is given
by the morphism of stabilizers induced by X → BG. By Lemma 2.2(2), the stabilizer action on
the fibers is faithful at all geometric points if and only if X → BG is representable.
2.3 Background on residual separability
For Bertini arguments in positive characteristic, it is important to restrict to the following class of
morphisms.
Definition 2.7. A morphism f : X → Y of schemes is residually separable if for all x ∈ X,
the induced extension of residue fields k(x)/k(f(x)) is separable (i.e. Speck(x) → Speck(f(x)) is
geometrically reduced). A line bundle L on X is called residually separable if the map to projective
space induced by some finite-dimensional base-point free linear system of L is residually separable.
A morphism of Deligne-Mumford stacks X → Y is residually separable if there exist e´tale covers
U → X and V → Y with U and V schemes, and a residually separable morphism f : U → V over
X → Y.
The following lemma shows that the definition of residually separable morphisms of Deligne-
Mumford stacks is compatible with the definition for schemes.
Lemma 2.8. Let f : X → Y , g : Y → Z, and h : Z ′ → Z be morphisms of schemes.
1. If f and g are residually separable, then so is g ◦ f .
2. If f is an e´tale cover, then g is residually separable if and only if g ◦ f is.
3. If h is an e´tale cover, then g is residually separable if and only if its pullback g′ : Y ×ZZ
′ → Z ′
is residually separable.
Proof. By [StPrj, Lemma 035Z (2)], a scheme W over a field k is geometrically reduced if and only
if W ×k V is reduced for all reduced k-schemes V . From this, (1) follows easily. Since reducedness
may be checked e´tale locally, we have (2).
For (3), let y′ denote a point of Y ×Z Z
′, and let y, z′, and z denote its images in Y , Z ′ and
Z, respectively. For a geometric point p of z′, the map p ×z′ y
′ → p ×z y is e´tale since it is a
composition of an open immersion p×z′ y
′ → p×z y
′ (a pullback of the diagonal z′ → z′×z z
′) and
an e´tale map p ×z y
′ → p ×z y (a pullback of the e´tale map y
′ → y). If g is residually separable,
then p ×z y is reduced, so p ×z′ y
′ is reduced, showing that g′ is residually separable. Conversely,
suppose g′ is residually separable and p is a geometric point of z. Then p factors through z′, and
p×z′ y
′ is reduced. Since reducedness is e´tale local, p×z y is reduced, showing that g is residually
separable.
Corollary 2.9. If X is a tame, separated, locally finitely presented Deligne-Mumford stack, then
its coarse space map X → X is residually separable.
8Proof. We can check that X → X is residually separable by base changing to the points of X, so
we may assume X = Speck, where k is a field. Let x ∈ X be the unique point. By [AV02, Lemma
2.2.3], after replacing k by an e´tale extension, we may assume X = [U/G], where G is the stabilizer
group of x and U = SpecA is a connected affine scheme. Then it suffices to check that U → Spec k
is residually separable. This may be checked after replacing U by its reduction, in which case A
is a reduced connected finite extension of k. Hence, A is a field and k is the subfield of invariants
under the action of G, so the degree of the extension must divide the order of G. Since X is tame,
this order is relatively prime to the characteristic, so the extension is separable.
2.4 Proof of (2)⇒(1) in Theorem 1.2
With the above preliminaries in place, we now turn to the main theorem of this section.
Theorem 2.10. Let k be an infinite field and let X = V/H be a separated algebraic space, where V
is a quasi-compact smooth algebraic space and H is a diagonalizable group scheme over k which acts
properly on V with tame finite stabilizers. Further assume that every coset of n · Pic(X) ⊆ Pic(X)
contains a residually separable base-point free line bundle, where n is the least common multiple of
the exponents of the stabilizers of the H-action.3 Then X = U/G, where U is a smooth algebraic
space and G is a finite diagonalizable group scheme over k acting properly on U .
Remark 2.11. If X is quasi-projective, then every coset of n · Pic(X) ⊆ Pic(X) automatically
contains a residually separable base-point free line bundle. Indeed, every line bundle L on X
can be made very ample, and hence base-point free, after twisting by a sufficiently high power of
OX(n) ∈ n ·Pic(X). Since the induced map from X to projective space is an immersion, the residue
field extensions are trivial, so very ample line bundles are residually separable.
Remark 2.12. Theorem 2.10, Remark 2.11, and Lemma 2.1(3 and 4) show that (2) implies (1) in
Theorem 1.2.
Proof of Theorem 2.10. By Proposition 2.5, to show X is a global quotient of a smooth algebraic
space by a finite diagonalizable group, it suffices to find a smooth Deligne-Mumford stack Y with
coarse space X, and torsion line bundles on Y such that the stabilizers of Y act faithfully on the
fibers of the direct sum of the line bundles.
By hypothesis, X = V/H where V is a smooth algebraic space and H is a diagonalizable group
scheme. Properness of the action of H on V is equivalent to the condition that the stack quotient
X = [V/H] is separated. By Proposition 2.5, there are line bundles M1, . . . ,Mr on X so that the
stabilizers of X at geometric points act faithfully on the fibers of M1 ⊕ · · · ⊕Mr. The stabilizers
act trivially on M⊗ni , so by [Alp13, Thm 10.3] there is a line bundle Ki on X such that
M⊗ni = φ
∗Ki,
where φ : X → X is the coarse space map.
Remark 2.13. Instead of choosing a single n, we may choose ni such thatM
⊗ni
i has trivial residual
representations. This is desirable if one is explicitly constructing U and G for a specific X, but to
make the proof more readable, we use a single n. ⋄
3To see n is finite, note that X := [V/H ] is separated Deligne-Mumford. Therefore, there is an e´tale cover
{Xi → X}i such that X ×X Xi = [Ui/Gi] for an algebraic space Ui and finite group Gi [AV02, Lemma 2.2.3]. The
exponents of the stabilizers of geometric points of Xi divide the exponents of Gi. Since X is quasi-compact, we can
take the cover of X to be finite.
9By hypothesis, for each i there exists Ni ∈ Pic(X) such that Ki ⊗ N
⊗n
i is base-point free and
residually separable. Since the stabilizers of X act trivially on the fibers of φ∗Ni, the residual
representations of Mi ⊗ φ
∗Ni are isomorphic to the residual representations of Mi. Replacing Mi
by Mi ⊗ φ
∗Ni, we may therefore assume that each Ki is base-point free and residually separable.
Let Φ : W → X be an e´tale cover by a scheme and let ψi :W → P
di denote the composite of Φ,
the coarse space map φ : X → X, and the map defined by a base-point free, residually separable
linear system of Ki. Since Φ is e´tale and representable, it is residually separable. Since X is a tame
Deligne-Mumford stack, Corollary 2.9 shows that φ is residually separable. It follows from Lemma
2.8(1) that ψi is residually separable as well.
Applying [Spr98, Corollary 4.3] to ψi, a generic section of ψ
∗
iO(1) = Φ
∗φ∗Ki = Φ
∗(Mi)
⊗n
has smooth vanishing locus. Let Z ⊆ V be the closed locus where H does not act freely, let
Z = [Z/H] ⊆ X , and let Z ′ = Z ×X W ⊆W . We may then choose sections si,1, . . . , si,ci of ψ
∗
iO(1)
for each i satisfying the following properties: the Cartier divisor Di,j defined by the vanishing
of si,j is smooth for each i and j, the set of divisors {Di,j}i,j has simple normal crossings, and
Z ′ ∩
⋂
j Di,j = ∅ for each i. Since the Di,j are obtained as pullbacks of hyperplane sections of X,
they descend to smooth Cartier divisors Di,j on X with simple normal crossings such that for each
i, Z ∩
⋂
j Di,j = ∅. Let π : Y → X denote the n-th root construction along each of the Di,j (see for
example [FMN10, 1.3.b]). Since the Di,j have simple normal crossings, Y is smooth by [FMN10,
1.3.b.(3)].4
Let M′i,j denote the universal line bundles on the root stack Y for which
(M′i,j)
⊗n = π∗M⊗ni ,
and let
Li,j :=M
′
i,j ⊗ π
∗M∨i .
We show that the stabilizers of Y act faithfully on the fibers of
⊕
i,j Li,j. Since the Li,j are torsion,
Proposition 2.5 will show that Y is a quotient of a smooth algebraic space by a finite diagonalizable
group scheme. Moreover, since Y has separated coarse space X, it is separated, so the group action
is proper. To see that the stabilizer actions are faithful, we show that the corresponding map
Y → BGCm is representable, where C =
∑
i ci is the total number of si,j. Consider the following
diagram in which the square is cartesian.
Y
g
//
π

[A1/Gm]
C
nˆ

u
// BGCm
BGrm X
f
//
m
oo [A1/Gm]
C
4We choose the Di,j to have simple normal crossings so that Y is smooth, but it is possible to build Y by rooting
one divisor at a time, in which case smoothness of that divisor is sufficient to ensure every step is smooth. Here is a
sketch of the argument. Applying [Spr98, Corollary 4.3], we may choose a section s1,1 of Φ
∗φ∗K1 so that its vanishing
divisor D1,1 is smooth and intersects Z properly (for a generic choice of s1,1, D1,1 will be smooth, and avoiding a
given point on each connected component of Z is an open condition). This D1,1 descends to a smooth Cartier divisor
D1,1 on X . Let pi : X
′ → X be the n-th root stack of X along D1,1. Since X and D1,1 are smooth, X
′ is smooth
by [FMN10, 1.3.b.(3)]. One shows that this X ′ is a quotient of some smooth scheme V ′ by a torus using the same
argument that is used for Y in the remainder of the proof of Theorem 2.10. Now we replace X , V , and Z by X ′,
V ′, and the preimage of [(Z ∩D1,1)/H ] in V
′ and repeat the argument, producing D1,j , until Z is empty. Then we
replace Z by the preimage of the original Z and repeat the argument for K2, K3, etc.
10
The morphism m corresponds to the r-tuple of line bundles (Mi)i, u ◦ g corresponds to (M
′
i,j)i,j ,
f corresponds to the (Di,j)i,j , u is the forgetful map which sends C line bundles with sections to
the underlying line bundles, and nˆ sends C line bundles with sections (Ei, ti) to their n-th tensor
powers (E⊗ni , t
⊗n
i ).
Proposition 2.5 shows that m is representable. Lemma 2.2(1) shows that u is representable, as
the pullback of u under the universal GCm-torsor is (A
1)C . From the following cartesian diagram
and the fact that the diagonal map ∆ is representable, we see that (π, g) is representable.
Y
(π,g)
//

X × [A1/Gm]
C
f× nˆ

[A1/Gm]
C ∆ // [A1/Gm]
C × [A1/Gm]
C
The morphism (m ◦ π, u ◦ g) : Y → BGrm × BG
C
m corresponding to
(
(π∗Mi)i, (M
′
i,j)i,j
)
is repre-
sentable, as it is the composition of representable morphisms (m, id) ◦ (id, u) ◦ (π, g).
To show that ℓ : Y → BGCm corresponding to (Li,j)i,j is representable, we may restrict to the
residual gerbe of a geometric point y of Y by Lemma 2.2(2). By Corollary 2.3(1), it then suffices
to find a representable morphism h : BGCm → BG
r+C
m such that the composite h ◦ ℓ agrees with
(m ◦ π, u ◦ g) at y (i.e. when restricted to the residual gerbe at y).
Let Z˜ = π−1(Z). Suppose y is a geometric point of Y in the complement of Z˜. The residual
representations of the Mi are trivial on the complement of Z, so the residual representations of
the π∗Mi are trivial on the complement of Z˜, so Li,j ∼=M
′
i,j at y. Letting h : BG
C
m → BG
r+C
m be
the morphism sending a C-tuple of line bundles (E1, . . . , EC) to (O, . . . ,O, E1, . . . , EC), we see that
h is representable by Corollary 2.3(2), and that h ◦ ℓ = (m ◦ π, u ◦ g) at y.
Now suppose that y is a geometric point of Z˜. For each i, there exists some ji such that y
is not contained in Di,ji . We then have that the residual representation of Mi,ji at y is trivial,
so π∗Mi ∼= L
∨
i,ji
at y. Let h1 : BG
C
m → BG
r
m × BG
C
m be the morphism given by sending the
C-tuple (Li,j)i,j to
(
(L∨i,ji)i, , (Li,j)i,j
)
. Let h2 : BG
r
m ×BG
C
m → BG
r
m ×BG
C
m be given by sending(
(Mi)i, (Li,j)i,j
)
to
(
(Mi)i, (Li,j ⊗Mi)i,j
)
. Then h1 and h2 are representable by Corollary 2.3(2),
so h = h2 ◦ h1 is representable. We have that h ◦ ℓ = (m ◦ π, u ◦ g) at y, so ℓ is representable at
y.
As a consequence, we see that Question 1.1 has an affirmative answer for simplicial toric varieties
with tame singularities.
Corollary 2.14. Every quasi-projective toric variety with tame quotient singularities over an alge-
braically closed field k is of the form U/G, where U is a smooth k-variety and G is a finite abelian
group.
Proof. Since X is a toric variety with quotient singularities, the Cox construction shows X = V/H,
where V is smooth and H is a diagonalizable group scheme acting on V with finite stabilizers (see
§3.1 for a review of the Cox construction), so Theorem 2.10 applies.
3 Explicit construction for toric varieties
To emphasize that our proof of Theorem 2.10 is constructive, we reinterpret it in the special case
when X is a toric variety. The end result is the procedure described in the following theorem, which
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we demonstrate in §4. We urge the reader to refer to §4 immediately, as it clarifies the construction
of Σ̂ and shows the simplicity of the procedure in practice.
Theorem 3.1. Let X be a quasi-projective toric variety with tame quotient singularities over an
infinite field k. Let Σ be the fan of X, let Z ⊆ X be the singular locus, and let X = V/H be the
Cox construction of X (see §3.1).
1. There exist Weil divisors D1, . . . ,Dr which generate the class groups of all torus-invariant
open affine subvarieties of X. Letting ni be integers so that niDi is Cartier for each i, the
Di can be chosen so that niDi is very ample.
2. There exist sections {si,j}1≤j≤ci of OX(niDi) so that the preimages of the vanishing loci
{V (si,j)}i,j in V are smooth and have simple normal crossings, and for each i,
⋂
j V (si,j) is
disjoint from Z.
3. Let W be the toric variety with fan Σ̂, as described in §3.3, and let Ui,j ⊆ W be the si,j-
cut together with its µni-action (see Definition 3.12). Then the scheme-theoretic intersection
U =
⋂
i,j Ui,j in W is a smooth variety with an action of G =
∏
i µ
ci
ni, such that X
∼= U/G.
In §3.1 we review the Cox construction, which expresses every toric variety X as a quotient
V/H, where V is smooth and H is a diagonalizable group scheme. We also give a non-stacky
description of how to find line bundles M1, . . . ,Mr on X = [V/H] such that the stabilizers of X
act faithfully on the fibers of
⊕
Mi. Finding such line bundles is the starting point in the proof
of Theorem 2.10. In §3.2, we give an explicit description of n-th root constructions of n-th tensor
powers of line bundles. In §3.3, we describe the fan Σ̂ which appears in Theorem 3.1. Lastly, in
§3.4 we put these results together to show how the proof of Theorem 2.10 yields the procedure
described in Theorem 3.1.
3.1 Canonical stacks, line bundles, and divisors
Canonical Stacks
If X is a finite-type algebraic space, then [Vis89, 2.9 and the proof of 2.8] shows X has tame
quotient singularities if and only if X is the coarse space of a smooth tame Deligne-Mumford stack.
Moreover, in this case there is a smooth tame Deligne-Mumford stack Xcan with coarse space X
such that the coarse space morphism Xcan → X is an isomorphism away from codimension 2. We
refer to Xcan as the canonical stack over X.
Remark 3.2 (Universal property of canonical stacks [FMN10, Theorem 4.6]). Suppose X is a smooth
Deligne-Mumford stack with coarse space morphism π : X → X which is an isomorphism away from
a locus of codimension at least 2. Then X is universal (terminal) among smooth Deligne-Mumford
stacks with trivial generic stabilizer and a dominant codimension-preserving morphism to X.
This universal property is stable under base change by e´tale morphisms (or any other codimension-
preserving morphisms). That is, for U → X e´tale, Xcan ×X U is the canonical stack over U .
Remark 3.3 (Local structure of canonical stacks). Suppose x ∈ X is a tame quotient singularity,
and U/G → X is an e´tale morphism with x in its image, so that U is smooth and G is a finite
group. Let u ∈ U be a preimage of x; we may assume G fixes u, replacing G by the stabilizer of u
if necessary. Let P ⊆ G be the subgroup generated by pseudoreflections through u, i.e. subgroups
which fix a divisor through u. The construction in [Vis89] shows that U/P is smooth (possibly only
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after replacing U by an open neighborhood of u) and G/P acts on U/P without pseudoreflections.
Therefore, in an e´tale neighborhood of x, the canonical stack of X is given by [(U/P )/(G/P )].
On the level of formal local rings, we have ÔX,x = k[[V ]]
G, where V is a vector space (the
tangent space at u) and G is a tame finite group acting linearly on V . Then k[[V ]]P ∼= k[[W ]]
for a vector space W , G/P acts on W without pseudoreflections, and Xcan ×X Spec ÔX,x ∼=
[Spec k[[V ]]P /(G/P )].
Remark 3.4 (Cl(X) ∼= Pic(Xcan)). Let U ⊆ X be the smooth locus of X. Then π : Xcan → X is
an isomorphism over U . Since the complement of U in X and the complement of the preimage of
U in Xcan are of codimension at least 2, we have a chain of isomorphisms
Cl(X) ∼= Cl(U) ∼= Cl(Xcan) ∼= Pic(Xcan)
where the last isomorphism follows from the fact that every Weil divisor on Xcan is Cartier (one
may check e´tale locally that an ideal sheaf is a line bundle, and Xcan is smooth). So given a Weil
divisor D on X, it makes sense to speak of the associated line bundle OXcan(D) on X
can.
The Cox construction and characterization of jointly faithful line bundles
Given a normal toric variety X with no torus factors, the Cox construction [CLS11, §5.1] produces
an open subscheme V of An and a subgroup H ⊂ Gnm such that X = V/H. We briefly recall this
construction. If Σ is the fan of X and Σ(1) denotes its set of rays, then consider the polynomial
ring k[xρ | ρ ∈ Σ(1)] with one variable for each ray. The fan Σ for X lives on a lattice N and we
have a map β : ZΣ(1) → N sending the standard basis vector eρ to the first lattice point in N along
the ray ρ. Letting (−)∗ = HomZ(−,Z), we have an exact sequence
N∗
β∗
−→ (ZΣ(1))∗ → cok(β∗)→ 0
Taking Cartier duals, we have an injection H := D(cok(β∗)) → D((ZΣ(1))∗) ∼= G
Σ(1)
m . The Cox
construction shows that X = V/H where V ⊆ AΣ(1) is the complement of the closed subscheme
defined by the ideal (
∏
ρ/∈σ xρ | σ ∈ Σ). As an aside, we note that this short exact sequence above
shows that D(H) = cok(β∗) = Cl(X) by [CLS11, Lemma 5.1.1(a)]. From this perspective, the
H-action on AΣ(1) can be viewed as coming from the Cl(X)-grading on the polynomial ring k[xρ]
sending xρ to the element in Cl(X) defined by the divisor Dρ.
If X is a normal toric variety, then there is a unique torus T ′ and toric variety X ′ without torus
factors such that X ∼= T ′ × X ′ (though the isomorphism is non-canonical). Let X ′ = V ′/H be
the Cox construction for X ′, and let V = T ′ × V ′ with trivial H-action on the T ′ factor. We will
say X = V/H is the Cox construction for X. Since the action of H is free away from a locus of
codimension at least 2, X = [V/H] = [V ′/H]× T ′ is the canonical stack over X by Remark 3.2.
Lemma 3.5. Suppose D1, . . . ,Dr are Weil divisors of a toric variety X. The stabilizers of X =
Xcan act faithfully on OX (D1) ⊕ · · · ⊕ OX (Dr) if and only if D1, . . . ,Dr generate the Weil class
group of every torus-invariant open affine subvariety of X.
Proof. If U is a torus-invariant open affine subvariety of X, then X ×X U is the canonical stack
over U by Remark 3.2. We may therefore assume X is an affine toric variety. We may prove the
lemma after removing a common torus factor from both X and X , so we may further assume X
has no torus factor.
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When X is affine with no torus factor, V = Speck[xρ] in the Cox construction described above.
In this case, every stabilizer of X is a subgroup of the stabilizer of the origin in V , so we need only
show that the stabilizer of the origin, namely H, acts faithfully on the fiber of
⊕
OX (Di). For a
divisor D, H acts on the fiber of OX (D) by the character given by the image of D in Cl(X) = D(H).
Therefore, the action ofH on the fiber of
⊕
OX (Di) has a kernel (factors through a proper quotient)
if and only if the images of the Di in Cl(X) are contained in a proper subgroup.
Remark 3.6. Lemma 3.5 implies the following global (but weaker) criterion. If D1, . . . ,Dr generate
the quotient of the Weil class group of X by the Cartier class group of X, then they generate the
Weil class group of every open affine torus-invariant subvariety U of X, and so the stabilizers of
X act faithfully on
⊕
OX (Di). To see this, note that the restriction morphism Cl(X) → Cl(U) is
surjective, since taking the closure of a Weil divisor on U provides a section. This map sends Cartier
divisors to the identity, since Cartier divisors on U are all trivial. We therefore get a surjection
Cl(X)/CaCl(X)→ Cl(U).
3.2 An alternative description of n-th roots of n-th powers
Suppose X is a scheme (or stack), L is a line bundle on X, and s is a global section of L⊗n.
Informally, we will show that the n-th root stack of L⊗n along s is the quotient stack [U/µn], where
U →֒ V(L) is the closed subscheme (or closed substack) of V(L) cut out by the equation tn = s,
where the µn acts on the “coordinate” t with weight 1.
A line bundle M on X corresponds to a morphism X → BGm. With this correspondence,
we have that V(M) = X ×BGm [A
1/Gm]. Sections of M correspond to sections of the projection
V(M)→ X, and therefore to maps to [A1/Gm] over the given map to BGm.
Definition 3.7. For a line bundle L on X and section s of L⊗n, we define the s-slice of V(L) to
be X ×V(L⊗n) V(L), where X → V(L
⊗n) is given by s, and nˆ : V(L) → V(L⊗n) is the n-th power
map. Note that the µn-action on V(L) over V(L
⊗n) induces a µn-action on the s-slice over X.
Lemma 3.8. Let L be a line bundle on X, s a section of L⊗n, and U the s-slice of V(L). The
n-th root stack of L⊗n along s is the quotient stack [U/µn].
Proof. The result follows from the fact that the following diagram is cartesian:
U //

V(L)
µn-torsor

n
√
(L⊗n, s)/X //

[V(L)/µn] //

[A1/Gm]
nˆ

X
s
// V(L⊗n) // [A1/Gm]
To see that V(L⊗n)×[A1/Gm] [A
1/Gm] ∼= [V(L)/µn], we show that the two represent the same fibered
category. For a scheme T , a T -point of the fiber product is given by a tuple
(
f : T → X,M ∈
Pic(T ),m ∈ Γ(T,M), φ : M⊗n ∼= f∗L⊗n
)
. Specifying M and φ is equivalent to specifying the
n-torsion bundle M⊗ f∗L∨, which is equivalent to specifying the µn-torsor π : P → T on which
π∗M is naturally isomorphic to π∗f∗L. Specifying the section m is then equivalent to specifying
the µn-invariant section π
∗m of π∗M = π∗f∗L. But a T -point of [V(L)/µn] is given precisely by a
map f : T → X, a µn-torsor π : P → T , and a µn-invariant section of π
∗f∗L.
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Remark 3.9. Given this description of n-th root stacks of n-th tensor powers of line bundles, we see
that the proof of Theorem 2.10 can be interpreted as an application of the philosophy in [KV04].
The basic idea of [KV04] is as follows. Start with a smooth Deligne-Mumford stack X and a vector
bundle E on X so that the stabilizers act faithfully on fibers at geometric points. The goal is to
produce a smooth scheme U with a finite surjection onto X . The codimension of the stacky locus
in the fibers of the total space of E⊕k is large for large k, so after repeated slicing by hyperplanes,
one can find a slice U of the total space which is smooth, misses the stacky locus, and is finite over
X .1
In our situation, we aim to produce a smooth scheme U and a finite surjection onto X , which is
generically a torsor under some finite group. Our strategy is to start with line bundles L1, . . . ,Lr
so that the stacky locus of the total space of
⊕
Li has positive codimension in each fiber (this is
the condition that the stabilizers act faithfully on the fibers). Then the stacky locus of the total
space of
⊕
L⊕cii will have large codimension in each fiber. We then choose slices of this total space
which have µn-actions so that the intersection of all of the slices is smooth, misses the stacky locus,
and is generically a µCn -torsor over X . ⋄
Remark 3.10. Suppose X is a stack and u ∈ U is a geometric point of the s-slice of V(L) lying
over a point x ∈ X where s does not vanish. Then StabU (u) is given by the kernel of the action of
StabX(x) on the fiber of L. To see this, first note that u maps to the complement of the zero section
in V(L). Since U → V(L) is a closed immersion, and V(L)r {0} → V(L) is an open immersion, we
see StabU(u) = StabV(L)r{0}(u). Let f : X → BGm be the morphism corresponding to L. From
the cartesian diagram
V(L)r {0}

// ∗

X
f
// BGm
we see that StabV(L)r{0}(u) = StabX(x)×Gm 1 is the kernel of the action of StabX(x) on the fiber
L(x).
3.3 Cuts of the coarse space of V
(⊕
OXcan(Di)
)
Returning to the notation from the start of §3, in which X is a toric variety with fan Σ, let
D1, . . . ,Dr be (not necessarily distinct) divisors on X. For each i, suppose Di is linearly equivalent
to
∑
ρ ciρDρ, where Dρ is the divisor associated to the ray ρ of Σ. Given a ray ρ of Σ, let λρ ∈ N
be the first lattice point along ρ, and define ρˆ to be the ray in Zr ⊕N spanned by (−
∑
i ciρei, λρ).
Given a cone σ of Σ, define σˆ to be the cone generated by {e1, . . . , er} and {ρˆ|ρ a ray of σ}. Let
Σ̂ be the fan on Zr ⊕ N generated by the cones {σˆ|σ ∈ Σ}. Let W be the toric variety with fan
Σ̂, and let D′i be the divisor in W corresponding to the ray ei. Let p : W → X be the morphism
induced by the projection Σ̂→ Σ.
This generalizes the usual toric construction of the total space of the sum of line bundles.
Informally, W can be thought of as the joint total space of a collection of Weil divisors. This is
made precise by the following proposition.
Proposition 3.11. Let Li = OXcan(Di), as defined in Remark 3.4. Then W is the coarse space of
V(
⊕
Li).
1Instead of the total space of E⊕k, [KV04] uses a large fiber product of the projective bundle of E . This is necessary
to ensure that enough sections exist. In our situation, we twist by a large power of a very ample line bundle instead.
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Proof. Any torus factor in X appears as torus factor in W , so we may assume X has no torus
factor. Let π : V → Xcan be the H-torsor from the Cox construction. By descent, the data of the
line bundle Li is equivalent to the data of the line bundle π
∗Li with an H-linearization. Since V is
an open subset of AΣ(1), π∗Li is trivial for each i. Letting V̂ = V(
⊕
π∗Li) ⊆ A
Σ(1) × Ar = AΣ̂(1),
we have that V(
⊕
Li) = [V̂ /H], where the action of H on the coordinate corresponding to Li is
given by Di ∈ Cl(X) = D(H). We will show that this quotient structure naturally agrees with the
Cox construction of W .
Every maximal cone of Σ̂ contains all the ei, so the open subset of A
Σ̂(1) in the Cox construction
of W is determined by sets of rays {ρˆ1, . . . , ρˆm} which do not lie on a single cone of Σ̂. Such a
subset of rays fails to lie on a single cone of Σ̂ if and only if the corresponding subset {ρ1, . . . , ρm}
fail to lie on a single cone of Σ. This shows that V̂ is the same open subset of AΣ̂(1) as in the Cox
construction of W .
It remains to check that the H-action described above agrees with the group action from the
Cox construction of W . We have a commutative diagram with exact rows
0 // N∗
β∗
//
ι1

(ZΣ(1))∗ //
ι2

cok(β∗) //
ι3

0
0 // (Zr)∗ ⊕N∗
βˆ∗
// (Zr)∗ ⊕ (ZΣ(1))∗ // cok(βˆ∗) // 0
where exactness on the left follows from the fact that X has no torus factors (so Σ(1) spans N). The
maps ι1 and ι2 are given by inclusions x 7→ (0, x), and βˆ
∗ induces the identity map on the cokernels,
(Zr)∗ → (Zr)∗, so by the Snake Lemma, ι3 is an isomorphism. That is, cok(βˆ
∗) ∼= cok(β∗) = D(H),
so the group acting on AΣ̂(1) in the Cox construction of W is H. The images of the generators of
(ZΣ(1))∗ (resp. (Zr)∗⊕(ZΣ(1))∗) in D(H) give the character with which H acts on the corresponding
coordinate of AΣ(1) (resp. Ar×AΣ(1)). Commutativity of the right square shows that the action ofH
on the coordinate corresponding to ρˆ is the same as the action of H on the coordinate corresponding
to ρ in V̂ . Finally, since βˆ∗(ei) = (ei,−
∑
i ciρλρ) is in the kernel of the map toD(H), we see that the
action of H on the coordinate corresponding to ei is equal to
∑
i ciρDρ = Di ∈ Cl(X) = D(H).
Now suppose niDi is a very ample Cartier divisor on X, with corresponding lattice polyhedron
Pi = {x ∈ N
∨ ⊗ R|〈x, ρ〉 ≥ −niciρ for all ρ ∈ Σ(1)}. Consider the polyhedron
P ′i = {x ∈ (Z
r ⊕N)∨ ⊗ R|〈x, ρˆ〉 ≥ −niciρ for all ρ ∈ Σ(1), 〈x, ej〉 = 0 for j 6= i, and 〈x, ei〉 ≥ 0}.
The lattice points in P ′i correspond to torus semi-invariant sections of OW (p
∗(niDi)) which do not
vanish along any D′j with j 6= i. We make two observations:
1. There is a natural identification of Pi with {x ∈ P
′
i |〈x, ei〉 = 0}. Geometrically, pullback
induces an isomorphism between the sections of OX(niDi) and the sections of OW (p
∗(niDi))
which are linear combinations of torus semi-invariant sections not vanishing along any of the
D′j .
2. There is a point x ∈ P ′i with 〈x, ei〉 = ni and 〈x, ρˆ〉 = 0 for all ρ ∈ Σ(1). This follows
immediately from the fact that niD
′
i is linearly equivalent to p
∗(niDi), which is true by the
construction of Σ̂. Geometrically, this means that there is a section of OW (p
∗(niDi)) which
induces the divisor niD
′
i. We will denote this section by ti.
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Concretely, P ′i is a pyramid of height ni with base Pi. The apex of the pyramid is the lattice point
corresponding to ti. If s is a linear combination of torus semi-invariant sections corresponding to
the lattice points in Pi, then p
∗(s) is “the same” linear combination of the torus semi-invariant
sections corresponding to the lattice points in the base of P ′i .
Definition 3.12. Suppose s is a section of OX(niDi). The s-cut of W is the vanishing locus of
the section ti − p
∗(s) of OW (p
∗(niDi)).
Remark 3.13 (µni-action on the cut). The 1-parameter subgroup corresponding to ei acts with
weight 0 on p∗(s) and with weight ni on ti, so the s-cut of W is invariant under the action of µni .
Remark 3.14 (compatibility of terminology: slices vs. cuts). The pyramid of height 1 and base Pi
corresponds to (a compactification of) the total space of the line bundle OX(niDi). For a section s
of OX(niDi), the corresponding closed subscheme X →֒ V(OX(niDi)) is given by the difference of
the torus semi-invariant section corresponding to the apex and the pullback of s. The ni-th power
map V(OXcan(Di)) → V(OXcan(niDi)) is induced by vertically scaling the pyramid by a factor of
1
ni
. Combining Proposition 3.11 with the fact that coarse space morphisms are stable under base
change, we see that the s-cut of W is the coarse space of U ×V(
⊕
j 6=i Li), where U is the s-slice of
V(Li).
3.4 Proof of Theorem 3.1
We now prove the explicit procedure described for toric varieties. We follow the proof of Theorem
2.10, taking into account the results in §§3.1–3.3. Let X = V/H be the Cox construction of X,
so X = [V/H] is the canonical stack of X. Let φ : X → X be the coarse space map, which is an
isomorphism away from the singular locus Z ⊆ X.
(1) The irreducible torus-invariant divisors of X are Q-Cartier and clearly generate the class
groups of all torus-invariant open affine subvarieties. The niDi can be assumed to be very ample
since one can add an arbitrary ample divisor to each Di without changing the fact that the Di
generate the class groups of all torus-invariant open subvarieties. By Lemma 3.5, the stabilizers of
X act faithfully on the fibers of
⊕
OX (Di).
(2) The si,j may be chosen to have the given properties by the same Bertini argument used in
the proof of Theorem 2.10.
(3) Let Ui,j ⊆ V(OX (Di)) be the si,j-slice together with the action of µni (Definition 3.7).
Let U ⊆ V(
⊕
iOX (Di)
⊕ci) be the fiber product of the Ui,j over X , and let π : U → X be the
projection. The stacky locus of V(
⊕
iOX (Di)
⊕ci) lies over Z. Combining Remark 3.10 with the
fact that
⋂
j V (si,j) is disjoint from Z, we see that for any geometric point u of U , StabU (u) must
be contained in the kernel of the action of StabX (π(u)) on (
⊕
OX (Di))π(u). Since this action is
faithful, the stabilizers of geometric points of U are trivial, so U is an algebraic space.
By Lemma 3.8, the stack U , given by taking the ni-th root of si,j for each i and j, is isomorphic
to [U/
∏
i µ
ci
ni ]. By Proposition 3.11, the coarse space of V(
⊕
iOX (Di)
⊕ci) is W , and by Remark
3.14, the intersection of the si,j-cuts of W (Definition 3.12) is U .
Since the preimages of V (si,j) in X are smooth and have simple normal crossings, the root stack
U is smooth, so U is smooth. We therefore have that U is a smooth scheme with an action of
∏
µcini
such that X ∼= U/
∏
µcini .
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4 Example: blow-up of P(1, 1, 2)
In this section, we run through the procedure described in Theorem 3.1 when X is weighted
projective space P(1, 1, 2) blown-up at a smooth torus-invariant point. The fan of X is illustrated
below.
1
23
4
As mentioned in the introduction, this example is interesting because the map U → X of Corollary
2.14 is not toric:
Proposition 4.1. There is no smooth toric variety U and finite subgroup G of the torus of U such
that X = U/G.
Proof. We show that there is no finite toric morphism f : U → X with U a smooth toric variety.
Let Σ depicted above be the fan of X with ambient lattice N = Z2. Let Σ′ be the fan of the
hypothetical smooth toric variety U with ambient lattice N ′ ⊆ N . Let σ ∈ Σ′ be the convex cone
with rays (1, 0) and (0, 1). Let (a, 0) and (0, b) be the first lattice points of N ′ on these rays. Since
Σ′ is assumed to be smooth, these lattice points must form a basis for N ′ and so N ′ = aZ ⊕ bZ.
Let τ ∈ Σ′ be the cone generated by (−1, 1) and (−1,−1). We claim that τ is singular. Indeed, the
first lattice points of N ′ on the rays of τ are (−m,m) and (−m,−m), where m = ab/ gcd(a, b) is
the least common multiple of a and b. These do not form a basis for N ′ since (a, 0) is not in their
Z-span.
We now apply Theorem 3.1 to X.
(1: choose D) Let Dρi be the divisor corresponding to the i-th ray. We seek an ample divisor
D =
∑
aiDρi which generates the class group of each torus-invariant open affine. The only non-
trivial class group is Z/2 (for the open neighborhood of the singular point), so we have the condition
that a3+a4 must be odd. Recall that the polytope of D is {x ∈ R
2|〈x, ρi〉 ≥ −ai}, that D is ample
if and only if the dual fan to its polytope is Σ, and that D is Cartier if and only if the vertices
of its polytope are lattice points. From these facts, we see that D = Dρ1 + Dρ2 + Dρ3 generates
the class group of each torus-invariant open affine, and that 2D is Cartier and very ample (see its
polytope pictured below).
a
b
c
1
2
3
4
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The edges of this polytope correspond to the torus-invariant divisors, and the lattice points corre-
spond to semi-invariant sections of 2D. The section corresponding to a lattice point v vanishes along
Di to order 〈v, ρi〉+ ai (the “distance of the lattice point from the corresponding edge”), so when
it is pulled back to the the open subset V ⊆ A4 = Spec k[x1, x2, x3, x4] in the Cox construction, it
becomes
∏
i x
〈v,ρi〉+ai
i .
(2: choose s) We next choose a section s of O(2D) whose vanishing locus is smooth and
misses the singular point of X, the intersection of Dρ3 and Dρ4 . Let sa, sb, and sc be the torus
semi-invariant sections of O(2D) corresponding to the labeled lattice points. Note that sa, sb, and
sc pull back to x
2
3x
4
4, x
3
1x2, and x
4
2x
6
3 in the Cox cover, respectively. Since sb is the only semi-
invariant section not vanishing at the singular point, it must appear in s, but sb vanishes on both
Dρ1 and Dρ2 , so its vanishing locus is singular. We try setting s = sa + sb to remedy this, but
by the Jacobian criterion, x23x
4
4 + x
3
1x2 has critical points when x1 and x4 both vanish. So we try
s = sa + sb + sc; by the Jacobian criterion, x
2
3x
4
4 + x
3
1x2 + x
4
2x
6
3 has smooth vanishing locus, so s
has smooth vanishing locus.
(3: compute U) Lastly, we compute an explicit smooth U and finite group G such that
X = U/G. Consider the projective toric variety in P18 defined by the following polytope.
a
b
c
0
Note that the toric variety W defined by Σ̂ is an open subvariety, and this projective variety is
precisely the closed image of the morphism ψ : W → P18 given by 2D′. Let U be the hyperplane
slice of this variety (or equivalently, of W ) defined by x0 − xa − xb − xc.
There is a µ2-action on P
18 given as follows: if χ is the non-trivial character of µ2 and x is a
lattice point of the above polytope with height h, then µ2 acts the coordinate corresponding to x
through the character χh. Then U is smooth, is invariant under the µ2-action, and X = U/µ2.
5 Characterization of torus quotients: proof of main theorem
Throughout this section, we work over a field k. Our goal is to prove Theorem 5.2. In §5.1, we use
Theorem 5.2 to prove Theorem 1.7, thereby answering Question 1.6.
Notation 5.1. Throughout this section, we will use the notation ÔX,x to denote the completion
of the e´tale local ring at a point x of an algebraic space X.1 Note that if X is a scheme and the
residue field at x is algebraically closed, this agrees with the completion of the Zariski local ring.2
1The e´tale local ring at x is simply the strict henselization of the local ring at a preimage of x in some e´tale cover
of X. See [StPrj, Definition 04KG].
2If X is a scheme and the residue fields are not algebraically closed, the proofs in this section apply verbatim if
one uses the completion of the Zariski local ring. The e´tale local ring is used simply because algebraic spaces do not
have Zariski local rings.
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We use the term torus to mean split torus. We say that a stack X is a torus quotient stack if
there is a smooth algebraic space V and a torus T acting properly on V with finite stabilizers such
that X = [V/T ]. We say an algebraic space X is a torus quotient space if it is the coarse space of
a torus quotient stack.
Theorem 5.2. Suppose an algebraic space X has tame diagonalizable quotient singularities. Con-
sider the following conditions:
1. X is a quotient of a smooth algebraic space by a proper action of a finite diagonalizable group.
2. X is a torus quotient space.
3. X has Weil divisors D1, . . . ,Dr whose images generate Cl(ÔX,x) for all points x of X.
4. Xcan is a torus quotient stack.
Conditions (2)– (4) are equivalent and implied by (1). If X is quasi-projective and k is infinite,
then (1) is equivalent to (2)– (4).
Remark 5.3. Condition (3) is a Zariski local, as the image of Cl(X) in Cl(ÔX,x) is determined by
any open neighborhood of x, so the other conditions are also Zariski local.
Proof of Theorem 1.2 from Theorem 5.2. Note that if X is a quasi-projective variety and k is alge-
braically closed, then tame finite diagonalizable groups are the same as tame finite abelian groups.
It therefore suffices to show that condition (i) of Theorem 1.2 is equivalent to condition (i) of
Theorem 5.2 for 1 ≤ i ≤ 4. Condition (3) is the same in the two theorems.
We first show that the conditions of Theorem 1.2 imply those of Theorem 5.2. An action of a
finite group on a separated scheme is always proper by Lemma 2.1(1), so condition (1) of Theorem
1.2 implies condition (1) of Theorem 5.2. If condition (2) of Theorem 1.2 holds, then X is the
geometric quotient of a quasi-projective variety V by a torus T . By Lemma 2.1(3), the action
of T on V is proper and X is the coarse space of [V/T ], so condition (2) of Theorem 5.2 holds.
Lastly, since canonical stack morphisms are proper, the canonical stack over a separated scheme is
separated. If the canonical stack over X is a quotient of a quasi-projective V by a torus T , then the
action must therefore be proper, so condition (4) of Theorem 1.2 implies condition (4) of Theorem
5.2.
We next show that the conditions of Theorem 5.2 imply those of Theorem 1.2. If V is a smooth
algebraic space with a proper action of an affine group H with tame finite stabilizers so that
X = V/H, then by Lemma 2.1(4), V is a quasi-projective variety. Therefore, for i = 1, 4, condition
(i) of Theorem 5.2 implies condition (i) of Theorem 1.2. By Lemma 2.1 (4 then 3), condition (2)
of Theorem 5.2 implies condition (2) of Theorem 1.2.
We now assemble the results needed to prove Theorem 5.2.
Lemma 5.4. Let G be a finite diagonalizable group acting on a regular complete noetherian lo-
cal k-algebra A with maximal ideal m and residue field K. There is a G-equivariant isomorphism(
Sym∗K(m/m
2)
)∧
→ A, where m/m2 is given the induced linear G-action and (−)∧ denotes comple-
tion. Moreover, AG is isomorphic to the complete local ring at the distinguished point of a pointed
affine toric variety over K.
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Proof. Since G is linearly reductive (even if it is not tame), the surjection m → m/m2 admits a
G-equivariant splitting m/m2 → m. The induced ring homomorphism
(
Sym∗K(m/m
2)
)∧
→ A is
G-equivariant by construction, and induces an isomorphism of tangent spaces, so by the Cohen
Structure Theorem [Eis95, Theorem 7.7], it is an isomorphism.
Since G is linearly reductive, taking G-invariants commutes with limits, so the completion of
Sym∗K(m/m
2)G is isomorphic to
(
(Sym∗K(m/m
2))∧
)G ∼= AG. Thus, for the final assertion, it suffices
to show that Sym∗K(m/m
2)G is the coordinate ring of a pointed affine toric variety. Since G is
diagonalizable, there exists a basis x1, . . . , xn for m/m
2 so that each xi is semi-invariant. Let M be
the monoid of monomials in the xi which are invariant under G. It is clear that Sym
∗
K(m/m
2)G =
K[x1, . . . , xn]
G = K[M ], and that SpecK[M ] is a pointed toric variety.
Lemma 5.5. Let U be a smooth algebraic space and G a diagonalizable group scheme which acts
properly on U with tame finite stabilizers. Let X be the canonical stack over U/G and f : [U/G]→ X
the induced map (see Remark 3.2). Then the ramification divisor D ⊆ X of f is a simple normal
crossing divisor with smooth components.
Proof. Let X = U/G be the coarse space of [U/G]. To show that D has simple normal crossings,
it suffices to check that for every point x of X, the pullback of D to X ×X Spec ÔX,x is a simple
normal crossing divisor. We may therefore replace X by Spec ÔX,x, U by Spec ÔU,u, and G by
the stabilizer of u, where u maps to x. We may quotient by the kernel of the action of G without
changing the ramification divisor D, so we may assume G acts faithfully on U .
Let m be the maximal ideal of OU,u and let K be the residue field of u. By Lemma 5.4, OU,u is G-
equivariantly isomorphic to
(
Sym∗K(m/m
2)
)∧
. Since G is diagonalizable, there is a basis x1, . . . , xn
for m/m2 so that each xi is semi-invariant. Let Pi ⊆ G be the subgroup which acts trivially on xj
for all j 6= i. The Pi are precisely the pseudoreflections of the action of G. The subgroup P ⊆ G
generated by pseudoreflections is the direct sum of the Pi. By Remark 3.3, we have
X = [SpecOPU,u/(G/P )].
Since P and G/P are e´tale, and D is the ramification divisor of
[U/G] = [SpecOU,u/G] =
[
[SpecOU,u/P ]
/
(G/P )
]
→
[
SpecOPU,u
/
(G/P )
]
= X ,
it suffices to check that the ramification divisor D ⊆ SpecOPU,u of π : SpecOU,u → SpecO
P
U,u
has simple normal crossings. If Pi has order ℓi, then we see that π is given by the inclusion of
rings K[[y1, . . . , yn]] ⊆ K[[x1, . . . , xn]] with yi = x
ℓi
i . Hence, D is the union of the yi-coordinate
hyperplanes with ℓi 6= 1, so is a normal crossing divisor.
Before proving smoothness of the components of D, we observe that the ramification divisor
on the source of π is π−1(D) ⊆ SpecOU,u, given by the xi-coordinate hyperplanes with ℓi 6= 1.
Note that the stabilizers of the components are precisely the Pi, and that these subgroups of G are
distinct for distinct components of the ramification divisor.
We now show that the components of D are smooth. For this, it no longer suffices to replace
X by Spec ÔX,x, so we return to the original notation. To complete the proof, we show that for
every point z of X , the number of components of D passing through z is equal to the number of
components of the induced divisor in X ×X Spec ÔX,x, where x is the image of z in X. This shows
that no divisor self-intersects.
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[U/G] ×X Spec ÔX,x //

[U/G]
f

X ×X Spec ÔX,x // X
{comp. of induced divisor}
∼
//
≀

{comp. of f−1(D) at u}
≀

{comp. of induced divisor} // {comp. of D at z}
Let u be a point of [U/G] such that f(u) = z. We have that f is a homeomorphism, as
[U/G]→ X and X → X are coarse space maps, hence homeomorphisms. Therefore, the components
of D passing through z are in bijection with the components of f−1(D) passing through u. These
are in bijection with the components of the induced divisor in [U/G]×X Spec ÔX,x, as the distinct
formal components are stabilized by distinct subgroups of G. Finally, these are in bijection with
the components of the induced divisor in X ×X Spec ÔX,x, as the morphism [U/G]×X Spec ÔX,x →
X ×X Spec ÔX,x is a homeomorphism.
Corollary 5.6. Suppose U is a smooth algebraic space and G is a diagonalizable group that acts
properly on U with tame finite stabilizers. Then the induced map f : [U/G] → (U/G)can is a root
stack morphism along a collection of smooth connected divisors with simple normal crossings.
Proof. By [GS15, Theorem 1], any smooth separated tame Deligne-Mumford stack X is isomorphic
to
√
D/Xcan
can
, where X is the coarse space of X and D is the ramification divisor of the induced
map X → Xcan. The result follows from Lemma 5.5, as a root stack of a simple normal crossing
divisor is smooth [FMN10, 1.3.b(3)], so isomorphic to its canonical stack.
Corollary 5.7. Let X be an algebraic space with quotient singularities. Then X is a torus quotient
space if and only if Xcan is a torus quotient stack.
Proof. By Corollary 5.6, it suffices to show that a stack is a torus quotient stack if and only if
its roots along smooth connected divisors are torus quotient stacks. Let X be a stack, and let
Y = n
√
(L, s)/X , for some L, s, and n, where the vanishing locus of s is smooth and connected.
Consider the following cartesian diagram, in which f corresponds to the line bundle L with section
s. Let M be the universal line bundle on Y so that M⊗n ∼= L (i.e. the line bundle corresponding
to u ◦ g in the diagram below), and let t be the universal section of M so that t⊗n = s.
Y
g
//
π

[A1/Gm]
u
//
nˆ

BGm
X
f
// [A1/Gm]
u
// BGm
(⇒) Suppose X is a torus quotient stack. By Lemma 2.4 there exists a representable morphism
κ : X → BGrm. By Corollary 2.3(3), (κ, f) : X → BG
r
m × [A
1/Gm] is also representable. Since
(κ ◦ π, g) : Y → BGrm × [A
1/Gm] is the pullback of (κ, f), it is representable by Corollary 2.3(4).
Then (κ, u ◦ g) : Y → BGr+1m is representable by Corollary 2.3(1), so Y is a torus quotient stack by
Lemma 2.4.
(⇐) Now suppose Y is a torus quotient stack. Then there is a representable morphism ℓ : Y →
BGrm, corresponding to a tuple of line bundles (L1, . . . ,Lr). Then (ℓ, g), corresponding to (L1, . . . ,Lr, (M, t)),
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is representable by Corollary 2.3(3). By [Cad07, Corollary 3.1.2], since s has connected vanishing
locus, we have
Lj =M
ij ⊗ π∗Kj
for some 0 ≤ ij < n and line bundle Kj on X . Composing with the automorphism of BG
r
m ×
[A1/Gm] sending (L1, . . . ,Lr, (M, t)) to (L1 ⊗M
−i1 , . . .Lr ⊗M
−ir , (M, t)), we see that there is a
representable morphism of the form (κ◦π, g) : Y → BGrm×[A
1/Gm]. This morphism is the pullback
of (κ, f) : X → BGrm × [A
1/Gm], which must also be representable by Corollary 2.3(4). Then by
Corollary 2.3(1), (κ, u ◦ f) : X → BGr+1m is representable, so X is a torus quotient stack.
Proposition 5.8. Let A be a regular ring and let G be a tame finite diagonalizable group which
acts faithfully on X = SpecA and freely on an open subscheme U ⊆ X whose complement has
codimension at least 2. Suppose that one of the following holds:
1. A is local with maximal ideal m, or
2. A = k[x1, . . . , xn] and G fixes the origin in A
n = SpecA.
Then Cl(AG) is canonically isomorphic to the Cartier dual D(G) of G.
Proof. By assumption, the complement of U inX is of codimension at least 2, so the canonical stack
over SpecAG is [X/G] by Remark 3.2. By Remark 3.4, we have Cl(AG) ∼= Pic([X/G]) ∼= PicG(X).
We will show that PicG(X) is canonically isomorphic to D(G).
We have that Pic(X) = 0, so we wish to find all G-linearizations of OX . Twisting the trivial
linearization by an element ofD(G) gives us a morphism ι : D(G)→ PicG(X). Given a linearization,
we recover a character ofG by considering the action on the fiber over the closed point ofX (resp. the
origin), so ι is injective.
Now we show ι is surjective. Let M be a free A-module of rank 1. A G-linearization of M is
equivalent to a D(G)-grading M =
⊕
Mχ compatible with the D(G)-grading on A given by the
G-action. To prove that this G-linearization is in the image of ι, it suffices to find a semi-invariant
generator of M .
Let m ∈ M be a generator, and let m =
∑
mχ with mχ ∈ Mχ. In the case where A is local
with maximal ideal m, not every mχ can be in m ·m, so some mχ is a unit multiple of m. This mχ
is then a semi-invariant generator of M .
In the case where A is a polynomial ring, we claim that m = mχ for some χ. First suppose
that k has enough roots of unity that G is a discrete group. For any g ∈ G, g ·m is a generator, so
it must be of the form ugm for ug ∈ A
× = k×, showing m is semi-invariant (i.e. is contained the
Mχ for which χ(g) = ug). If G is not discrete, let K be an e´tale extension of k so that the pullback
GK is discrete. In M ⊗k K, we then have that m⊗ 1 = mχ ⊗ 1 for some χ. Since K is faithfully
flat over k, m = mχ.
Corollary 5.9. Suppose X a pointed affine toric variety with quotient singularities and distin-
guished point x. Then the restriction morphism Cl(X)→ Cl(ÔX,x) is an isomorphism.
Proof. Let X = V/H be the Cox construction of X. By Proposition 5.8, Cl(X) and Cl(ÔX,x) are
naturally isomorphic to D(H), where a divisor D corresponds to the character of H given by its
action on the central fiber of OXcan(D). Therefore, we see that the map Cl(X) → Cl(ÔX,x) is an
isomorphism.
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Proof of Theorem 5.2. To see that (1) implies (2), suppose X = U/G with U smooth and G ⊆ Grm
a finite diagonalizable group scheme. Let V = (U×Grm)/G, where G acts by g ·(u, t) = (g ·u, g
−1 ·t).
Since U×Grm is smooth and the G-action is free, V is smooth, and we have X = V/G
r
m. Conversely,
if X is quasi-projective and k is infinite, then Theorem 2.10 shows that (2) implies (1).
Corollary 5.7 shows that (2) and (4) are equivalent.
To complete the proof, we show that (3) and (4) are equivalent. By Remark 3.4 there is an
equivalence between Weil divisors on X and line bundles on Xcan. By Proposition 2.5, Xcan is a
torus quotient stack if and only if there is a collection of Weil divisors D1, . . . ,Dr on X such that
the residual representations of
⊕
OXcan(Di) are faithful. To check faithfulness at a geometric point
z of Xcan, it suffices to do so after base changing by Spec ÔX,x → X, where x ∈ X is the image of
z.
By Remark 3.3, we have
Xcan ×X Spec ÔX,x = [SpecR/G]
where R is a complete local ring and G acts freely away from a codimension 2 closed subscheme
of SpecR. Let m be the maximal ideal of R. By Lemma 5.4, ÔX,x is isomorphic the complete
local ring of a pointed affine toric variety Y at its distinguished point y. By Remark 3.3, we have
a cartesian diagram
Xcan

[SpecR/G]oo //

Y can

X Spec ÔX,xoo // Y
By Corollary 5.9, Cl(ÔX,x) ∼= Cl(Y ), so there is a divisor D
′
i on Y whose class has the same
image in Cl(ÔX,x) as that of Di, and the images of the Di generate Cl(ÔX,x) if and only if the
D′i generate Cl(Y ). The residual representation of
⊕
OXcan(Di) at z is faithful if and only if the
residual representation of
⊕
OY can(D
′
i) at z is faithful. Since y is the torus-invariant point of Y ,
this is equivalent to faithfulness of all residual representations
⊕
OY can(D
′
i), which by Lemma 3.5,
holds exactly when the D′i generate Cl(Y ).
Example 5.10 (The revolved cuspidal cubic is a µ2-quotient). Consider the surface X ⊆ A
3
C cut out
by x2 + y2 = z2(z − 1), the surface of revolution of the cuspidal cubic:
y
z
x
The completed local ring at the singular point agrees with the completed local ring at the singular
point of the toric variety x2 + y2 = −z2, so by Corollary 5.9, we have that the formal local class
group is Z/2 at the cone point, and trivial elsewhere. The Weil divisor D cut out by the ideal
(x− iy, z) is clearly non-principal at the origin, so it generates the formal local class group. Since
2D is Cartier, the proof of Theorem 5.2 shows that X is expressible as a µ2-quotient of a smooth
variety. ⋄
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Example 5.11 (Strict toroidal embeddings are finite diagonalizable group quotients). Recall that a
toroidal embedding consists of a scheme X and an open subset W ⊆ X such that for every closed
point x ∈ X, there exists a toric variety Y with torus T , a point y ∈ Y and an isomorphism of
complete local rings ÔX,x → ÔY,y sending the ideal of X rW to the ideal of Y r T . The toroidal
embeddingW ⊆ X is said to be strict if every irreducible component of XrW is a normal divisor.
SupposeW ⊆ X is a strict toroidal embedding, withX a quasi-projective variety with (automat-
ically diagonalizable) quotient singularities over an infinite field. Let D1, . . . ,Dr be the irreducible
components of X rW . Given any point x ∈ X, choose a toric variety Y , a point y ∈ Y , and
an isomorphism ÔX,x → ÔY,y as above. Since W ⊆ X is strict, the images of the Di are linearly
equivalent to the images of the torus-invariant divisors of Y , and therefore generate the formal local
class groups by Corollary 5.9. Theorem 5.2 then shows that X is a quotient of a smooth scheme
by a finite diagonalizable group.
This was an implicit result of [AK00, §5.3]. ⋄
5.1 Proof of Theorem 1.5: answering Question 1.6 negatively
In this subsection, we prove Theorem 1.7. Suppose X = P(V )/A5 is of the form U/G for U a
smooth variety and G a finite abelian group. Let p = char(k). At any point of U , the p-part P ⊆ G
must act by pseudoreflections, as the orders of the stabilizers of the canonical stack [P(V )/A5] have
no p-part (see Remark 3.2). It follows that U/P is smooth. Since X = (U/P )/(G/P ), we may
assume G has no p-part. That is, to prove part (1) of Theorem 1.7, it suffices to show X is not the
quotient of a smooth variety by a tame finite diagonalizable group.
The action of A5 on V induces a linearization of OP(V )(1). Let L denote this linearized line
bundle. Letting α : A5 × P(V )→ P(V ) be the action and p : A5 × P(V )→ P(V ) be the projection,
we let φ : α∗O(1) ∼= p∗O(1) be the descent data corresponding to the linearization L.
We show that L⊗n is the unique A5-linearization of O(n). Suppose ψ : α
∗O(n) ∼= p∗O(n) is a
choice of descent data corresponding to a linearization of O(n). Then ψ/φn : A5 × P(V ) → Gm is
given by a regular function χ : A5 → Gm, as regular functions on the components of A5×P(V ) are
constant. The cocycle condition f(gh, x) = f(h, x) · f(g, h · x) is satisfied by both φn and ψ, so it
is satisfied by ψ/φn. Thus, χ is a character of A5, so it is trivial, so ψ = φ
n as desired.
To show that X is not a quotient of a smooth variety by a tame finite diagonalizable group, by
Theorem 5.2, it is enough to show that every line bundle on the canonical stack X = [P(V )/A5] has
trivial residual representations. If a line through the origin of V is fixed by an element g ∈ A5, then
g acts by rotation about that line. As a result, the stabilizers of points in P(V ) act trivially on the
fibers of L. Since O(n) has a unique choice of linearization given by Ln, the residual representations
of every line bundle on X are trivial. This completes the proof of part (1) of Theorem 1.7.
Let x be a singular point of X. By Remark 3.4, there is a correspondence between Weil divisors
on X and line bundles on X . Since every line bundle on X has trivial residual representations, every
Weil divisor on X has trivial image in Cl(ÔX,x). By Theorem 5.2 and Remark 5.3, any variety Y
which contains a dense open subset isomorphic to a neighborhood of x in X cannot be of the form
U/G with U smooth and G a tame finite diagonalizable group.
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